Two different Lagrangian approaches for particle/particle collisions are described. The first model is based on the simultaneous tracking of several particles and suitable treatment is developed on particle pairs to detect collisions on each time step of the particle trajectory realization. The second method is based on a stochastic approach where one single particle is tracked, and successive random processes are applied to generate a fictitious partner of collision. In order to validate both approaches, simulations have been carried out in homogeneous isotropic turbulence and they have been compared with LES data. The particle/particle correlated motion through the surrounding fluid is proved to be a key parameter in a particle/particle collision process.
I. INTRODUCTION
Previous studies on Lagrangian approach for particle dispersion in turbulent fields have been developed from the simplest case of one-way coupling to more complicated problems involving two-way coupling with heat, mass, momentum, and energy exchanges between phases ͑Berlemont et al.
1,2
͒. It appears that the development of numerical simulations of particle two-phase flows is now more and more focused on particle/particle interactions. This is a four-way coupling problem that is still unsolved in its full generality, but that was the object of much effort in recent years.
Different approaches have been recently proposed and are still currently studied, leading to very encouraging results and, in some cases, to definite ones. Among these studies we find the following.
͑i͒ The direct numerical simulation of both the fluid flow and the tracking of the embedded particles ͑Mei et al., 3 Wang et al., 4 Zhou et al., 5 Lavieville et al. 6, 7 ͒, giving insights on underlying physical phenomena and providing us with a database for the model validation.
͑ii͒ An Eulerian approach in which collisions between particles are described by using a kinetic theory approach ͑Simonin et al., 8 Lavieville 7 ͒. ͑iii͒ A Lagrangian simulation based on the tracking of several particles simultaneously ͑Tanaka et al., 9 Chang, 10 Berlemont et al.
11
͒. ͑iv͒ A Lagrangian simulation based on a single-particle tracking with stochastic process for collisions ͑Oesterlé and Petitjean, 12 Sommerfeld, 13 Berlemont and Achim 14 ͒.
In the present paper we are concerned with the third and fourth approach, which will be described and then compared with LES results from Lavieville. 7 In the stochastic approach for particle collisions, a collision probability is defined and a random process is first used to decide if a collision occurs. Several successive random processes are then involved in order to characterize the collision particle partner in terms of velocity, concentration, impact location, or diameter when polydispersed particles are considered.
In the multiple particle method, several particles are simultaneously followed, and all particle pairs are examined on each time step of the particle trajectory construction in order to know if any of them are colliding. As far as the number of simultaneous trajectories is limited, simulations are carried out on several launches of a given number of particles. They are initially randomly distributed in a box whose size is fixed by the desired mean distance between particle centers deduced from the initial concentration and the geometry of the case under study. The multiple particle method thus obviously appears much more time consuming.
In order to validate these approaches, extensive comparisons have been carried out with LES calculations from Lavieville 7 for isotropic turbulence. We thus found that an important parameter requires particular attention in our approaches, namely, the overall ͑referring on the two colliding particles͒ particle/particle velocity correlation that is induced by the surrounding fluid. We first recall the Lagrangian scheme for particle tracking; we then describe the two schemes for the particle collisions in the multiple particles tracking and in the stochastic approach. Analyzing a first set of results leads us to improve the collision schemes by introducing in both methods the particle/particle correlated motion that is extensively presented. The obtained results are then compared with LES data and they are discussed. 
II. LAGRANGIAN APPROACH

A. Fluid particle
Whatever the chosen Lagrangian method, the main problem, in turbulent flows, is to know the fluid instantaneous velocity field at the discrete particle location, all along the trajectory of the tracked discrete particle. Obviously, this problem is crucial because, due to various effects such as inertia and gravity, discrete particle trajectories and fluid particle trajectories do not coincide. However, fluid particle trajectories may be viewed as reference trajectories and, in any case, we have to predict them. The equation for such a prediction is very simple, due to the fact that a fluid particle ͑or a discrete particle exhibiting special properties such as being nonbuoyant and/or having a vanishing diameter͒ instantaneously follows the surrounding velocity field. Therefore, we have
in which x i (t) is the location of the fluid particle at time t, U i is the instantaneous fluid velocity, and ⌬t is an increment of time, small enough so that U i is essentially constant during ⌬t. The instantaneous velocity U i is equal to the mean velocity that is known ͑for instance, from turbulence model predictions͒ plus a fluctuation u i , which is unknown. We, however, know the variances of each component of u i ͑again from the turbulence model predictions͒ and we may assume, for simplicity, that u i satisfies a Gaussian probability density function. But this is not enough to toss a value of the fluctuation u i since it has also to satisfy the Lagrangian velocity correlation coefficient R f L along the fluid trajectory.
B. Correlation matrix
We account for the fact that R f L is actually a predominant quantity, at least conceptually, and we take it as input. More important, the procedure is designed in such a way that any R f L shape may be a priori chosen and introduced in the code. The stochastic process is then slaved to the chosen correlation.
The slaving process satisfies the following properties. ͑i͒ The probability density function of the velocity fluctuations is assumed to be normal. This assumption may, in principle, be relaxed, allowing possibly testing the influence of pdfs on diffusion ͑or dispersion͒. For predictions in turbulent flows, the relaxation of this assumption would require knowledge of the actual pdf. The accuracy with which this pdf should be known depends on the sensitivity of particle behavior to it. Up to now, this issue has not been studied, but the interest of such a study is warranted.
͑ii͒ The stochastic process must reproduce one point correlation of velocity fluctuations, known from the turbulence model ͑or from experiments͒.
͑iii͒ Finally, this stochastic process must also correctly reproduce the fluid particle Lagrangian correlation function of velocities along the trajectory, according to the chosen shape of R f L .
Our aim is to generate a vector U whose components are velocity fluctuations along the trajectory, at time steps regularly separated by the increment ⌬t, and complying with the chosen Lagrangian correlation. The chosen Lagrangian correlation function is rewritten under the form of a matrix A ͑the correlation matrix͒, which is symmetric and definite positive. Matrix components are velocity correlation at times i⌬t and j⌬t. From matrix A, we may deduce uniquely another matrix B by invoking a so-called Cholesky factorization. A vector Y with uncorrelated, centered, unit variance components is first randomly generated. One then shows that UϭBY . As time is evolving the matrix is growing, but we limit the maximum correlation time, for example, it is assumed that the Lagrangian correlation function is equal to zero for a time gap greater than five times the fluid Lagrangian time scale L . When the time step is L /5, the size of matrix A is ͑25, 25͒ in the one-dimensional ͑1-D͒ case. Originally designed for 1-D dispersion, the procedure has been after generalized to the 2-D and 3-D cases. Details may be found elsewhere ͑Berlemont et al., 1 Gouesbet et al.
15
͒. The Lagrangian correlation function is expressed through any kind of relation, such as Frenkiel 16 or Sawford 17 functions. In the present paper, the Frenkiel relation with loop parameter mϭ1 has been used:
with C Li ϭ0.2 and C Li j ϭ1. ͑4͒
A discussion on the chosen expression for the Lagrangian time correlation can be found in Gouesbet et al., 15 but note that the main advantage of the above scheme is not the Frenkiel correlation but the ability of the method to satisfy any given fluctuating velocity correlation.
C. Discrete particle
The above scheme has been set up for fluid particle trajectories, but the main interest in two-phase flow modeling remains the characterization of the discrete phase behavior. For a discrete particle, the forces acting on the particle are expressed through the Maxey and Riley 18 equation; a discrete particle trajectory is obtained by integrating its equation of motion, which in the presented cases reduces to drag and gravity terms, as the ratio of particle density to fluid density is quite large ͑25-200͒:
where
Here Re p is the particle Reynolds number, which is assumed to be smaller than 200, V and U are the particle and fluid velocity vectors, respectively, and g is the gravity vector. In addition, p and f are the particle and fluid density, respectively, d is the particle diameter, and is the fluid cinematic viscosity. The main problem in the equation of motion is that the fluid velocity is the velocity on the discrete particle location. To guess that velocity, a pilot fluid particle is simultaneously followed with the discrete particle using the above-described method, and the fluid velocity is transferred from the fluid particle location to the discrete particle location by the use of an Eulerian correlation ͑Fig. 1͒. These correlations are expressed in a coordinate system, where the first unit vector is colinear to the vector between the fluid and particle locations, respectively.
In the random process for the spatial correlation, we assume that
where u ជ P and u ជ F are the fluid fluctuating velocity vector on the particle location P and on the fluid location F, respectively. Here y ជ is a vector with uncorrelated, centered, unit variance components. It has been found ͑Chang 10 ͒ that
The required spatial correlation can be expressed through Frenkiel relations:
where r is the distance between F and P, n is equal to 1, and the fluid Eulerian length scales can be estimated by
where the constants C 1 and C i j are fixed to 1 and C 2 ϭC 3 ϭC 1 /2 for isotropic turbulence or when no information can be used from experimental data. The fluid particle is followed on several time steps, until the distance r is larger than a given length scale L D ͑the mean value of the Eulerian scales͒ that is characterizing a correlation domain around the fluid particle ͑Fig. 1͒. A new fluid particle is then considered and the process is repeated. This scheme is intending to simulate the crossing trajectory effects in a very physical way.
However, that scheme has been modified in the multiple particles tracking approach in order to get less time consuming and less memory storage. As several particles, namely 300 or 500, are simultaneously followed, the same number of correlation matrices are involved, which requires quite large computing facilities. Thus a one step scheme has been set up, which is defined in the same way as the above method, but considering only one time step drastically reduces the correlation matrix. No matrix is then necessary, since algebraic relations are obtained to guess the fluid velocities. This degenerated scheme is quite similar to the method, which is described by Burry and Bergeles, 19 but it does not allow to choose the R f L shape, which is directly generated by the process itself as an exponential decrease.
III. PARTICLE COLLISIONS
A. The stochastic collision model
We first consider a one-particle Lagrangian approach. We thus have to use a stochastic particle/particle collision model, as described by Sommerfeld, 13 which is driven through a collision frequency. By assuming that the fluctuating motion of the discrete phase is analogous to the thermal motion of molecules in gas, the kinetic theory formalism can help to derive an expression for the collision frequency. Let us consider two particle classes, which are identified through the diameters d 1 and d 2 ͑radius r 1 and r 2 ͒, the instantaneous velocities V ជ 1 and V ជ 2 , and the number of particles per unit of volume N p1 and N p2 . The collision frequency for the particle 1 to collide with particle 2 is
The most important term in the above equation is the particle/particle pair distribution function f p (2) . When assuming that colliding particle velocities are independent ͑mo-lecular chaos assumption͒, each particle velocity is satisfying a Gaussian distribution f p (1) :
FIG. 1. The pilot fluid particle and the discrete particle. and the particle/particle pair distribution function is the product of the two distribution functions. The collision frequency then reads ͑Abrahamson 20 and Gourdel 21 ͒ as
with H͑z ͒ϭ
͑16͒
It thus appears that the variable z represents the ratio between the particle relative mean velocity and the particle turbulent fluctuating motions. Two asymptotic behaviors are then derived, namely for large values of z and for small values of z.
For large values of z ͑the high drift between particles͒, H(z) tends toward 1, and thus
and the collision frequency is thus depending essentially on particle mean relative velocity.
For small values of z ͑the small drift between particles͒, using a Taylor expansion for H(z), leads to
which means that the collision frequency mainly depends on the particle agitation. The collision probability p 12 of particle 1 to collide with particle 2 then reads as
where the time step ⌬t is assumed to be small enough ͑of the order of c /10, where c ϭ1/f coll ͒. To decide whether there is a collision or not, a uniform random number ͑between 0 and 1͒ is tossed and the collision occurs when it is smaller than the collision probability. When a collision is detected, the problem is then to describe the particle interactions. In the present work, binary perfectly elastic collisions are only considered. When two particles are colliding, the problem is first to determine the points on the particle surfaces, which are in contact. We thus move to a coordinate system (OxЈyЈzЈ) where the main axis (OxЈ) is in the V ជ rel direction and O is the center of the tracked particle ͓Fig. 2͑a͔͒.
A uniform random number ␤ between 0 and 1 is used to obtain the normalized impact parameter b͓bϭB/(r 1 ϩr 2 ) ϭͱ␤͔ and another uniform random number is then tossed to get the ␣ angle, with 0р␣р2 ͓Fig. 2͑b͔͒. We then move to the new coordinate system (OxЉyЉzЉ) such as the OxЉ axis is on the particle center direction ͓Fig. 2͑c͔͒. Here, ⌿ and ⌽ angles are defined by
͑20͒
As the proposed test case is concerning identical particles and binary collisions without rotation, the collision process is then quite simple. Using subscript ''ac'' for velocities after collision, we get
where k is the restitution coefficient ͑ϭ1 for perfectly elastic collisions͒.
As we consider identical particles ͑with mass m p ͒, the particle impulsion reads as
which leads to
B. The multiple particles collision model
In the multiple particles Lagrangian tracking approach ͑Chang, 10 Berlemont et al. 11 ͒, several particles are simultaneously followed, and suitable treatment is developed on particle pairs for collisions ͑only binary collisions are considered͒, at each time step of the particle trajectories construction. To comply with the specific conditions of the test case under study, we have to both keep a constant concentration and to estimate the particle turbulent dispersion for a given time of tracking. As far as the number of simultaneous trajectories is limited, simulations are carried out on 1000 successive launches of 500 particles. Thus, a 3-D box is defined where the particles are initially randomly distributed, and the box size is fixed by the desired void fraction. A periodic boundary condition is applied to the dispersed phase: particles that are moving outside the box are reinjected on the opposite side of the box. Note that the calculation process is integrating the particle box to box motion. After moving the 500 particles, we determine all the colliding particles ͑when the distance between their centers is smaller than the sum of their radius͒. When a collision occurs, a change of the coordinate system is carried out in order to determine the particle velocities after the collision. In the new reference frame, the first coordinate vector is aligned with the particle centers and the above process for the particle velocities after collision is used in the same way as for the stochastic approach.
IV. COMPARISONS WITH LES RESULTS
Simulations have been carried out by Lavieville 7 to describe the 3-D particle behavior in isotropic turbulence, without gravity, in order to enhance the influence of the particle/ particle correlated motion in the collision process. In the frame of the large eddy simulation approach, the instantaneous turbulent fluid velocity is decomposed into a large eddy field ͑the resolved field͒ and a small scale turbulent field ͑the residual or subgrid field͒. In Lavieville's study 25 the diffusive effect of the residual field is modeled with a subgrid eddy viscosity proposed by Smagorinsky, 22 completed by the scale similarity closure assumption proposed by Bardina 23 to represent the contribution of the subgrid scale turbulence to the transport of the large eddy field.
Simulation data, which are input in our calculations, are given below:
Fluid 3 . The choice of particle diameter in the Lavieville 7 study is the smallest accessible one according to the computer resources used by his collision algorithm, which leads to a (338) 3 grid. The particle diameter thus appears to be greater than the Kolmogorov scale (0.15ϫ10 Ϫ3 m), but it remains smaller than the Taylor microscale (2ϫ10 Ϫ3 m). All the calculations have been carried out with the assumption that Eq. ͑5͒ is still valid for the particle equation of motion and no specific study has been devoted to the possible influence of the Saffman effect or the nonuniform pressure gradient over the sphere.
The Stokes number based on the particle relaxation time and the Kolmogorov time scale is at least 12 and the Stokes number based on the fluid integral time scale is in between 1 and 5. Thus, the clustering of particles does not seem to have a noticeable influence on the collision process. Note that in our Lagrangian calculations no effect of preferential concentration of the particles are involved.
Particle mean velocities and fluctuating velocities are set equal to the fluid values at injection, but particles are allowed to disperse sufficiently to be statistically in equilibrium with the fluid turbulence before any calculation of the statistics. Moreover, collisions are introduced in the simulations when the particles have reached steady state without collisions.
Simulations without collisions show a decrease of the particle kinetic energy (k p ϭ0.5v ii 2 ) toward asymptotic values. As expected, these values are smaller when the particle density is increasing ͑leading to an increase of the particle relaxation time͒. However, the initial value of the fluid integral time scale from LES leads to too small asymptotic values of the particle fluctuating motion. Such behavior has been yet observed by Chang 10 and Sommerfeld 24 and is mainly linked to the Eulerian step in the particle-tracking scheme. But it appears quite difficult to suppress that step since it is intended to describe the crossing trajectory effects. To overcome that problem one can think to make the Eulerian step depending only on the mean relative velocity between the fluid and the particles. Thus, the difference between the fluid and particle fluctuating motion is no more contributing to any decorrelation between the two trajectories. We have tried that scheme and the results are in very good agreement with the LES results. However, no rigorous theoretical statement has been found to justify that scheme. Thus, it has not been used in the following.
In order to fit our simulations with LES results when no collisions are included, the fluid integral time scale has then been increased, namely L ϭ52.ϫ10 Ϫ3 s for the correlation matrix method and L ϭ38.ϫ10 Ϫ3 s for the one-step method. We then notice in Table I the good agreement between LES results and the simulations. As mentioned above, the reason for two different L values is linked to the Eulerian step. Its influence in the one-step method is less important than in the matrix approach since no Eulerian correlation scale (L D ) is involved in the one-step method: the fluid particle is moved to the discrete particle location on each time step, when several fluid velocity transfers can occur in the matrix scheme.
We then report in Table II the comparisons for the particle kinetic energy k p between our simulation with both approaches and LES results, for two different particle densities, namely p ϭ50 and 100 kg m Ϫ3 , and various particle volu- also noticed with his stochastic approach, a decrease of the particle energy is obtained when collisions are included in the simulations, which is not observed in the LES simulations ͑Lavieville et al.
25
͒. It thus appears that the particle motion was insufficiently correlated to the fluid motion, due to collisions. It was deduced that during the collision process the fluid/particle correlation u p u f was partially destroyed, in both approaches but not in the same way. Each approach has thus been modified to account for the correlation between the fluctuating motion of the colliding particles through the surrounding fluid.
V. FLUIDÕPARTICLE CORRELATION
A. The stochastic collision model
In order to overcome this problem, Sommerfeld 24 has recently proposed to correlate the fictitious particle velocities with those of the real particle through the following relation:
where i is the rms value of the velocity component i, is a Gaussian random number, p is the particle relaxation time, and R( p , L ) is given by
͑24͒
Such a relation is improving the results but, as noticed by the author, the real value of c corr remains quite empirical.
Our approach is quite different and it is now described. As mentioned above, the collision frequency is deduced from the kinetic theory and is linked to the particle/particle pair distribution function. But the molecular chaos assumption can be no more valid when the distance between the two particles is small, leading to a possible correlation between their velocities through the turbulent eddy in which they are moving. We then have to introduce a distribution function f p (2) , which accounts for the fact that the two particles are driven by the same fluid. This important point has been first stated and solved by Lavieville et al. 6 for two identical particles. Pigeonneau 26 recently proposed an extension of that study to particles with different diameters. Here f p (2) is written under the following relation:
͑25͒
where A͑r 1 ,r 2 ,d 12 ͒ϭ
B ␣ ͑␣ϭ1 or 2͒ and B 12 are the correlation matrices whose elements are defined by
͑30͒
d 12 is the distance between the two particles, and L * is the fluid integral time scale along the particle path and ␣ identifies the two particles.
In the presented study we are not in the Saffman-Turner limit case of vanishing particle inertia, and the particles are 17 relations͒ in order to recover the Saffman-Turner limit case result.
The last unknown is L * which is defined and calculated
where the superscript P refers to the discrete particle location. We can notice that the above relations lead to statistical independence of the colliding particle velocities when the distance d 12 between the particles is increased, as the functions f (d 12 ) and g(d 12 ) tend toward 0.
Developing relation ͑12͒ then leads to a new expression for the collision frequency that still reads as relations ͑14͒ and ͑15͒, but the variable z is now defined by zϭ 1 2
In order to illustrate the particle/particle pair distribution function influence we present in Figs. 3 and 4 the relative velocity distribution function for two colliding particles, for p ϭ200 kg/m 3 and p ϭ25 kg/m 3 , for two arbitrary collision angles. As we are here concerned with 3-D simulations, we first observe that the relative velocity distribution functions are centered on nonzero values. For p ϭ200 kg/m 3 , due to the quite large particle relaxation time ͑ p ϭ280 ms, p / L * ϭ7.8͒ when compared with the fluid time scale, the influence of the correlated model on the results is very slight. Conversely, for p ϭ25 kg/m 3 ͑ p ϭ65 ms, p / L *ϭ1.5͒, a quite important effect is noticed, and the agreement with LES simulations is highly improved.
Our calculations showed that when p / L * is greater than 20, the variation of the collision frequency is less than 5% between the correlated model and the uncorrelated model. The calculations with the stochastic correlated model that are presented in the next sections are carried out by using relation ͑32͒ for in the collision frequency expression and by tossing the velocity of the collision partner with respect to relation ͑25͒.
B. The multiple particles collision model
When a collision occurs between a particle pair, both particle velocities are modified. Each discrete particle is followed with its own fluid particle, without any correlation between the two fluid motions, even when they are on the same location. As a consequence modifying the particle velocities during a collision is introducing a decorrelation between the discrete particle and the fluid particle on each trajectory. That behavior has been proved erroneous by LES simulations, as the overall ͑that means the sum on the two colliding particles͒ correlation u p u f remains constant during the collision. As the discrete particle velocities are fully determined through the collision process, we decided to modify each associated fluid velocity in order to respect the u p u f invariance before and after the collision. In the previously defined coordinate system for the collision process, we write
To determine the fluid velocities (U 1x Љ ) ac and (U 2x Љ ) ac after collision, a second relation is required. We choose the constant fluid energy:
The above two equations are then solved before the inverted change of coordinate system.
As it has been previously mentioned, the fluid/particle correlation u p u f was partially destroyed during the collision process in both approaches, but not in the same way. The above-described improvements of both approaches are also quite different in their formulation. We can notice that the particle/particle correlated motion is taken into account in the stochastic approach before the colliding process itself, by introducing a correlated motion between the two partners of collision. In the multiple particle approach, the modification of the process is introduced just after the collision, by forcing the constant overall fluid/particle correlation through a change of the pilot fluid particle velocity of each colliding particle. That difference can be illustrated by examining two parameters of the collision, namely the collision angle and the integral time scale of the fluid velocity along the particle trajectory.
We present in Fig. 5 the comparison between the different schemes for the normalized distribution f () of the collision angle between the two colliding particles, for the cases ͑ p ϭ200 kg/m 3 ; ␣ p ϭ1.41%͒ and ͑ p ϭ25 kg/m 3 ; ␣ p ϭ3.52%͒.
We observe that the uncorrelated stochastic model leads in both cases to a sinus distribution for the collision angle, as it is expected, since it is assumed that the molecular chaos assumption of the kinetic theory applies. The correlated stochastic model tends to move the distribution toward small angles, as it is also shown by the LES simulations. The influence of the particle/particle correlated motion for the colliding particles is more sensitive for the smaller particle density, as previously observed on the colliding particle relative velocity ͑Figs. 3 and 4͒. However, in the multiple particle approach, the distribution of the collision angle remains the same whatever the particle density, since no specific scheme is introduced before the collision. Following these results, one could conclude that the stochastic approach should be preferred to the multiple particle model.
But a second parameter can also be evaluated in the simulation: we thus draw in Fig. 6 the integral time scale of the fluid velocity seen by the particle reduced by its value when no collision occurs, versus the mean particle relaxation time p * reduced by the calculated collision time c cal for the case p ϭ50 kg m Ϫ3 . Here p * is obtained by
and
where N is number of tracked particles and N col is the number of collisions during the time interval T tot . We observe in Fig. 6 that the LES results show an increase of the integral fluid time scale seen by the particles when the particle volume concentration increases ͑that is, when the collision time scale decreases͒. That trend is recovered by the multiple particles model since the pilot fluid velocity is changed in the collision process leading to a higher correlated motion between the discrete particle and its associated fluid particle. Conversely, in the stochastic approach, the fluctuating velocity of the collision partner is correlated to the fluctuating velocity of the real particle, which is tracked before the collision through the fluid characteristic length and time scales. But there is no possibility to keep constant the overall correlation u p u f before and after the collision. Due to collision, the discrete particle displacement direction can change and thus it can induce a decorrelation between the fluid motion and the discrete particle motion. As a consequence the fluid integral time scale L * that is integrated along the discrete particle trajectory can be de- creased, when LES results tend to show an increase of L * with an increase of the particle volume fraction.
VI. COMPARISON OF THE CORRELATED MODELS WITH LES RESULTS
A. Particle kinetic energy
To point out the influence of the particle/particle correlated motion during collisions, we first present the results for the p ϭ50 kg/m 3 case in Fig. 7 . The ratio of particle fluctuating energy to turbulent energy k p /k f is drawn as a function of the ratio r ϭ L */ P * .
The importance of the particle/particle correlated motion is clearly observed since the decrease of the particle kinetic energy is no longer observed when that coupling effect is included in both Lagrangian schemes.
We then compared the particle fluctuating energies that are obtained through the two Lagrangian models with the LES results for all the cases under study ͑Table III͒. A good agreement is now observed and that confirms the initial statement that the colliding particle velocities are strongly linked together by the surrounding fluid. That effect is more important as the ratio between the particle relaxation time and the fluid Lagrangian time scale decreases, since the particle motions are more and more rapidly responding to any change in the fluid velocities.
To illustrate these results, all the data are plotted in Figs. 8 and 9. We can observe that the results, which are obtained by the multiple particle approach, are in slightly better agreement with the LES results than the stochastic model, namely for the r values. As previously mentioned, in the stochastic approach, no change occurs on the fluid particle associated with the tracked particle and collisions tend to introduce a faster change of the pilot fluid particle and thus a decrease of the integral fluid time scale seen by the particles.
B. Collision time
In order to compare more finely the correlated stochastic Lagrangian approach and multiple particle Lagrangian approach with LES simulations, Fig. 10 .
͑37͒
We observe a fairly good qualitative agreement between our results and LES simulations. Once again the importance of the particle/particle correlated motion appears, since the cal- molecular chaos assumption is stated. Let us note that the increase of the collision time is larger for the smallest particle density, due to the higher correlation between colliding particles through the surrounding fluid.
VII. CONCLUSION
Two different Lagrangian modeling approaches for particle/particle collisions have been presented. The first model is based on the simultaneous tracking of several particles and suitable treatment is developed on particle pairs to detect collisions on each time step of the particle trajectory construction. The second method is based on a stochastic approach where one particle only is tracked, but a collision probability is estimated along the particle trajectory. If a collision occurs, successive random processes to guess its required characteristics such as its location and velocity generate a fictitious partner of collision. In order to validate both approaches, simulations have been carried out in homogeneous isotropic turbulence and they have been compared with LES data. The first results show a decrease of the particle energy due to collisions in the Lagrangian modeling that is not observed in the LES simulations. It thus appears that the particle motion was insufficiently correlated to the fluid motion when a collision occurs. It was deduced that during the collision process the fluid/particle correlation u p u f was partially destroyed, in both approaches but not in the same way. Each approach has thus been modified to account for the correlation between the fluctuating motion of the colliding particles through the surrounding fluid. In the multiple particles approach, a change in the pilot fluid particle of each colliding particle is modified in order to keep the overall correlation u p u f constant before and after collision. In the stochastic approach, the fluctuating velocity of the fictitious partner of collision is correlated to the real tracked particle through a distribution function, which accounts for the fact that the two colliding particles are driven by the same fluid. The results are then greatly improved when they are compared to LES simulations and the importance of the particle/ particle correlated motion is proved to be a key parameter in the particle/particle collision process.
Further studies are now concerning particle collisions in nonisotropic flow, where a decrease of the anisotropy of the particle motion is expected and the coupling between both phases in order to evaluate the influence of particle collisions on the fluid isotropy.
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